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Abstract: F (4) supergravity, the gauge theory of the exceptional six-dimensional Anti-
de Sitter superalgebra, is coupled to an arbitrary number of vector multiplets whose scalar
components parametrize the quaternionic manifold SO(4, n)/SO(4)×SO(n). By gauging
the compact subgroup SU(2)d ⊗ G, where SU(2)d is the diagonal subgroup of SO(4) ≃
SU(2)L ⊗ SU(2)R (theR-symmetry group of six-dimensional Poincare´ supergravity) and
G is a compact group such that dimG = n. The potential admits an AdS background
for g = 3m, as the pure F (4)-supergravity. The boundary F (4) superconformal fields
are realized in terms of a singleton superfield (hypermultiplet) in harmonic superspace
with flag manifold SU(2)/U(1) = S2. We analize the spectrum of short representations
in terms of superconformal primaries and predict general features of the K-K specrum of
massive type IIA supergravity compactified on warped AdS6 ⊗ S
4.
1 Matter coupled F(4) Supergravity and its scalar potential
Let us set up a suitable framework for the discussion of the matter coupled F (4) super-
gravity theory and its gauging. This will allow us to set up the formalism for the matter
coupling in the next section. Actually we will just give the essential definitions of the
Bianchi identities approach in superspace , while all the relevant results, specifically the
supersymmetry transformation laws of the fields, will be given in the ordinary space-time
formalism.
First of all it is useful to discuss the main results of ref. [2] by a careful study in
superspace of the Poincare´ and AdS supersymmetric vacua. Let us recall the content of
D = 6, N = (1, 1) supergravity multiplet:
(V aµ , A
α
µ, Bµν , ψ
A
µ , ψ
A˙
µ , χ
A, χA˙, eσ) (1.1)
where V aµ is the six dimensional vielbein, ψ
A
µ , ψ
A˙
µ are left-handed and right-handed four-
component gravitino fields respectively, A and A˙ transforming under the two factors of
1The work of R. D’Auria and S. Vaula´ has been supported by EEC under TMR contract ERBFMRX-CT96-0045, the
work of S. Ferrara has been supported by the EEC TMR programme ERBFMRX-CT96-0045 (Laboratori Nazionali di
Frascati, INFN) and by DOE grant DE-FG03-91ER40662, Task C.
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the R-symmetry group O(4) ≃ SU(2)L⊗SU(2)R, Bµν is a 2-form, A
α
µ (α = 0, 1, 2, 3), are
vector fields, χA, χA˙ are left-handed and right-handed spin 1
2
four components dilatinos,
and eσ denotes the dilaton.
Our notations are as follows: a, b, . . . = 0, 1, 2, 3, 4, 5 are Lorentz flat indices in D = 6
µ, ν, . . . = 0, 1, 2, 3, 4, 5 are the corresponding world indices, A, A˙ = 1, 2. Moreover our
metric is (+,−,−,−,−,−).
We recall that the description of the spinors of the multiplet in terms of left-handed and
right-handed projection holds only in a Poincare´ background, while in an AdS background
the chiral projection cannot be defined and we are bounded to use 8-dimensional pseudo-
Majorana spinors. In this case the R-symmetry group reduces to the SU(2) subgroup of
SU(2)L ⊗ SU(2)R, the R-symmetry group of the chiral spinors. For our purposes, it is
convenient to use from the very beginning 8-dimensional pseudo-Majorana spinors even
in a Poincare´ framework, since we are going to discuss in a unique setting both Poincare´
and AdS vacua.
The pseudo-Majorana condition on the gravitino 1-forms is as follows:
(ψA)
†γ0 = (ψA) = ǫ
ABψ tB (1.2)
where we have chosen the charge conjugation matrix in six dimensions as the identity
matrix (an analogous definition six dimensions as the identity matrix (an analogous def-
inition holds for the dilatino fields). We use eight dimensional antisymmetric gamma
matrices, with (γ7)
2 = −1. The indices A,B, . . . = 1, 2, of the spinor fields ψA, χA trans-
form in the fundamental of the diagonal subgroup SU(2) of SU(2)L ⊗ SU(2)R. To study
the supersymmetric vacua let us write down the Maurer-Cartan Equations (M.C.E.) dual
to the F (4) Superalgebra (anti)commutators:
DV a −
i
2
ψAγaψ
A = 0 (1.3)
Rab + 4m2 V aV b +mψAγabψ
A = 0 (1.4)
dAr +
1
2
g ǫrstAsAt − i ψAψB σ
rAB = 0 (1.5)
DψA − imγaψAV
a = 0 (1.6)
Here V a, ωab, ψA, A
r, (r = 1, 2, 3), are superfield 1-forms dual to the F (4) supergenerators
which at θ = 0 have as dxµ components
V aµ = δ
a
µ, ψAµ = A
r
µ = 0, ω
ab
µ = pure gauge. (1.7)
Furthermore Rab ≡ dωab − ωac ∧ ω bc , D is the Lorentz covariant derivative, D is the
SO(1, 5)⊗ SU(2) covariant derivative, which on spinors acts as follows:
DψA ≡ dψA −
1
4
γabω
abψA −
i
2
σrABArψ
B (1.8)
Note that σrAB = ǫBCσrAC , where σ
rA
B (r = 1, 2, 3) denote the usual Pauli matrices, are
symmetric in A, B.
Let us point out that the F (4) superalgebra, despite the presence of two different phys-
ical parameters, the SU(2) gauge coupling constant g and the inverse AdS radius m,
really depends on just one parameter since the closure under d-differentiation of eq. (1.6)
(equivalent to the implementation of Jacobi identities on the generators), implies g = 3m;
to recover this result one has to use the following Fierz identity involving 3-ψA’s 1-forms:
1
4
γabψAψBγ
abψCǫ
AC −
1
2
γaψAψBγ
aψCǫ
AC + 3ψCψBψAǫ
BC = 0 (1.9)
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The F (4) superalgebra described by equations (1.3) -(1.6) fails to describe the physical
vacuum because of the absence of the superfields 2-formB and 1-formA0 whose space-time
restriction coincides with the physical fields Bµν and A
0
µ appearing in the supergravity
multiplet. The recipe to have all the fields in a single algebra is well known and consists
in considering the Free Differential Algebra (F.D.A.)[9] obtained from the F (4) M.C.E.’s
by adding two more equations for the 2-form B and for the 1-form A0 (the 0-form fields
χA and σ do not appear in the algebra since they are set equal to zero in the vacuum). It
turns out that to have a consistent F.D.A. involving B and A0 one has to add to the F (4)
M.C.E.’s two more equations involving dA0 and dB; in this way one obtains an extension
of the M.C.E’s to the following F.D.A:
DV a −
i
2
ψAγaψ
A = 0 (1.10)
Rab + 4m2 V aV b +mψAγabψ
A = 0 (1.11)
dAr +
1
2
g ǫrstAsAt − i ψAψB σ
rAB = 0 (1.12)
dA0 −mB − i ψAγ7ψ
A = 0 (1.13)
dB + 2 ψAγ7γaψ
AV a = 0 (1.14)
DψA − imγaψAV
a = 0 (1.15)
Equations (1.13) and (1.14) were obtained by imposing that they satisfy the d-closure
together with equations (1.10). Actually the closure of (1.14) relies on the 4-ψA’s Fierz
identity
ψAγ7γaψBǫ
ABψCγ
aψDǫ
CD = 0 (1.16)
The interesting feature of the F.D.A (1.10)-(1.15) is the appearance of the combination
dA0 − mB in (1.13). That means that the dynamical theory obtained by gauging the
F.D.A. out of the vacuum will contain the fields A0µ and Bµν always in the single combi-
nation ∂[µA
0
ν] − mBµν . At the dynamical level this implies, as noted by Romans [2], an
Higgs phenomenon where the 2-form B ”eats” the 1-form A0 and acquires a non vanishing
mass m.
It is easy to see that no F.D.A exists if either m = 0 , g 6= 0 or m 6= 0, g = 0, since the
corresponding equations in the F.D.A. do not close anymore under d- differentiation. In
other words the gauging of SU(2), g 6= 0 must be necessarily accompanied by the pres-
ence of the parameter m which, as we have seen, makes the closure of the supersymmetric
algebra consistent for g = 3m.
In D = 6, N = 4 Supergravity, the only kind of matter is given by vector multiplets,
namely
(Aµ, λA, φ
α)I (1.17)
where α = 0, 1, 2, 3 and the index I labels an arbitrary number n of such multiplets. As
it is well known the 4n scalars parametrize the coset manifold SO(4, n)/SO(4)× SO(n).
Taking into account that the pure supergravity has a non compact duality group O(1, 1)
parametrized by eσ, the duality group of the matter coupled theory is
G/H =
SO(4, n)
SO(4)× SO(n)
×O(1, 1) (1.18)
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To perform the matter coupling we follow the geometrical procedure of introducing the
coset representative LΛ Σ of the matter coset manifold, where Λ,Σ, . . . = 0, . . . , 3 + n;
decomposing the O(4, n) indices with respect to H = SO(4)× O(n) we have:
LΛ Σ = (L
Λ
α, L
Λ
I) (1.19)
where α = 0, 1, 2, 3, I = 4, . . . , 3+n. Furthermore, since we are going to gauge the SU(2)
diagonal subgroup of O(4) as in pure Supergravity, we will also decompose LΛ α as
LΛ α = (L
Λ
0, L
Λ
r) (1.20)
The 4 + n gravitational and matter vectors will now transform in the fundamental of
SO(4, n) so that the superspace vector curvatures will be now labeled by the index Λ:
FΛ ≡ (F 0, F r, F I). Furthermore the covariant derivatives acting on the spinor fields
will now contain also the composite connections of the SO(4, n) duality group. Let us
introduce the left-invariant 1-form of SO(4, n) satisfying the Maurer-Cartan equation
ΩΛ Σ = (L
Λ
Π)
−1dLΠΣ ⇒ dΩ
Λ
Σ + Ω
Λ
Π ∧ Ω
Π
Σ = 0 (1.21)
Our aim is to gauge a compact subgroup of O(4, n). Since in any case we may gauge
only the diagonal subgroup SU(2) ⊂ O(4) ⊂ H , the maximal gauging is given by SU(2)⊗
G where G is a n-dimensional subgroup of O(n). According to a well known procedure,
we modify the definition of the left invariant 1-form L−1dL by replacing the ordinary
differential with the SU(2)⊗ G covariant differential as follows:
∇LΛ Σ = dL
Λ
Σ − f
Λ
Γ ΠA
ΓLΠΣ (1.22)
where fΛΠΓ are the structure constants of SU(2)d⊗G. More explicitly, denoting with ǫ
rst
and CIJK the structure constants of the two factors SU(2) and G, equation (1.22) splits
as follows:
∇L0 Σ = dL
Λ
Σ (1.23)
∇Lr Σ = dL
r
Σ − gǫ
r
t sA
tLs Σ (1.24)
∇LI Σ = dL
I
Σ − g
′C IK JA
KLJ Σ (1.25)
Setting Ω̂ = L−1∇L, one easily obtains the gauged Maurer-Cartan equations:
dΩ̂Λ Σ + Ω̂
Λ
Π ∧ Ω̂
Π
Σ = (L
−1FL)Λ Σ (1.26)
where F ≡ FΛTΛ, TΛ being the generators of SU(2)⊗ G.
After gauging, by appropriate decomposition of the indices,we find from (1.26):
Rr s = −P
r
I ∧ P
I
s + (L
−1FL)r s (1.27)
Rr 0 = −P
r
I ∧ P
I
0 + (L
−1FL)r 0 (1.28)
RI J = −P
I
r ∧ P
r
J − P
I
0 ∧ P
0
J + (L
−1FL)I J (1.29)
∇P Ir = (L
−1FL)I r (1.30)
∇P I0 = (L
−1FL)I 0 (1.31)
Where we have set
P Iα =
{
P I0 ≡ Ω
I
0
P Ir ≡ Ω
I
r
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Note that P I0 , P
I
r are the vielbeins of the coset, while (Ω
rs, Ωr0), (Rrs, Rro) are re-
spectively the connections and the curvatures of SO(4) decomposed with respect to the
diagonal subgroup SU(2) ⊂ SO(4).
Starting from the F.D.A. discussed before, one can now define suitable gauged curva-
tures in superspace, and apply the Bianchi identities technique in order to retrieve the
space-time supersymmetry transformation laws. One finds:
δV aµ = −iψAµγ
aεA (1.32)
δBµν = 2e
−2σχAγ7γµνε
A − 4e−2σεAγ7γ[µψ
A
ν] (1.33)
δAΛµ = 2e
σεAγ7γµχ
BLΛ0 ǫAB + 2e
σεAγµχ
BLΛrσrAB − e
σLΛIε
Aγµλ
IBǫAB +
+2ieσLΛ0 εAγ
7ψBǫ
AB + 2ieσLΛrσABr εAψB (1.34)
δψAµ = DµεA +
1
16
e−σ[T[AB]νλγ7 − T(AB)νλ](γ
νλ
µ − 6δ
ν
µγ
λ)εB +
+
i
32
e2σHνλργ7(γ
νλρ
µ − 3δ
ν
µγ
λρ)εA +
1
2
εAχ
CψCµ +
+
1
2
γ7εAχ
Cγ7ψCµ − γνεAχ
CγνψCµ + γ7γνεAχ
Cγ7γνψCµ +
−
1
4
γνλεAχ
CγνλψCµ −
1
4
γ7γνλεAχ
Cγ7γνλψCµ + SAB
(g,g′,m)γµε
B (1.35)
δχA =
i
2
γµ∂µσεA+
i
16
e−σ[T[AB]µνγ7+T(AB)µν ]γ
µνεB+
1
32
e2σHµνλγ7γ
µνλεA +
+NAB
(g,g′,m)εB (1.36)
δσ = χAε
A (1.37)
δλIA = −iP Iriσ
rAB∂µφ
iγµεB + iP
I
0iǫ
AB∂µφ
iγ7γµεB +
i
2
e−σT Iµνγ
µνεA +
+MAB
I(g,g′,m)εB (1.38)
P I0iδφ
i=
1
2
λ
I
Aγ7ε
A (1.39)
P Iriδφ
i=
1
2
λ
I
AεBσ
ab
r (1.40)
where we have introduced the ”dressed” vector field strengths
T[AB]µν ≡ ǫABL
−1
0ΛF
Λ
µν (1.41)
T(AB)µν ≡ σ
r
ABL
−1
rΛF
Λ
µν (1.42)
TIµν ≡ L
−1
IΛF
Λ
µν (1.43)
and we have omitted in the transformation laws of the fermions the three-fermions terms
of the form (χχε), (λλε).
For our purposes, the most interesting quantities are the fermionic shifts denoted in
boldface in the previous equations, since they are the objects in terms of which one can
retrieve the scalar potential. Their explicit form is the following:
S
(g,g′,m)
AB =
i
24
[Aeσ + 6me−3σ(L−1)00)ǫAB −
i
8
[Bte
σ − 2me−3σ(L−1)i0]γ
7σtAB(1.44)
N
(g,g′,m)
AB =
1
24
[Aeσ − 18me−3σ(L−1)00)]ǫAB +
1
8
[Bte
σ + 6me−3σ(L−1)i0]γ
7σtAB(1.45)
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M
I(g,g′,m)
AB = (−C
I
t + 2iγ
7DIt )e
σσtAB − 2me
−3σ(L−1)I 0γ
7ǫAB (1.46)
where
A = ǫrstKrst; B
i = ǫijkKjk0; C
t
I = ǫ
trsKrIs; DIt = K0It (1.47)
and the threefold completely antisymmetric tensors K ′s are the so called ”boosted struc-
ture constants” given explicitly by:
Krst = gǫlmnL
l
r(L
−1) ms L
n
t + g
′CIJKL
I
r(L
−1) Js L
K
t (1.48)
Krs0 = gǫlmnL
l
r(L
−1) ms L
n
0 + g
′CIJKL
I
r(L
−1) Js L
K
0 (1.49)
KrIt = gǫlmnL
l
r(L
−1) mI L
n
t + g
′CLJKL
L
r(L
−1) JI L
K
t (1.50)
K0It = gǫlmnL
l
0(L
−1) mI L
n
t + g
′CLJKL
L
0(L
−1) JI L
K
t (1.51)
By performing the supersymmetry variation of the Lagrangian, indeed one finds the
following Ward identity [10]:
δCAW = −20S
BASBC − 4N
BANBC +
1
4
MBAI M
I
BC (1.52)
One can verify that the r.h.s. of (1.52) is indeed proportional to a Kronecker delta, by
using the exlicit form of the shifts. The resulting potential turns out to be:
W(φ) = 5 {[
1
12
(Aeσ + 6me−3σL00)]
2 + [
1
4
(eσBi − 2me
−3σL0i)]
2}+
−{[
1
12
(Aeσ − 18me−3σL00)]
2 + [
1
4
(eσBi + 6me
−3σL0i)]
2}+
−
1
4
{CItCIt + 4D
I
tDIt} e
2σ −m2e−6σL0IL
0I (1.53)
A further issue related to the scalar potential, which is an important check of all our
calculation, is the possibility of computing the masses of the scalar fields by varying the
linearized kinetic terms of the Lagrangian and the potential W, after power expansion of
W up to the second order in the scalar fields qIα. If we use as mass unity the inverse AdS
radius, which in our conventions is R−2AdS = 4m
2 we get:
m2σ = −6; m
2
qI0 = −4; m
2
qIr = −6 (1.54)
These values should be compared with the results obtained in reference [5] where the
supergravity and matter multiplets of the AdS6 F (4) theory were constructed in terms of
the singleton fields of the 5-dimensional conformal field theory, the singleton being given
by hypermultiplets transforming in the fundamental of G ≡ E 7. It is amusing to see that
the values of the masses of the scalars computed in terms of the conformal dimensions
are exactly the same as those given in equation (1.54).
This coincidence can be considered as a non trivial check of the AdS/CFT correspon-
dence in six versus five dimensions.
2 F (4)⊗ G Superconformal Field Theory
Here we describe the basics of the F (4) highest weight unitary irreducible representations
“UIR’s” and exhibit two towers of short representations which are relevant for a K-K
6
analysis of type IIA theory on (warped) AdS6 ⊗ S
4 [6],[7].
We will not consider here the G representation properties but we will only concentrate on
the supersymmetric structure.
Recalling that the even part of the F (4) superalgebra is SO(2, 5)⊗SU(2), from a general
result on Harish-Chandra modules [11], [12] of SO(2, 2n + 1) we know that there are
only a spin 0 and a spin 1/2 singleton unitary irreducible representations [13], which,
therefore, merge into a unique supersingleton representation of the F (4) superalgebra:
the hypermultiplet [5].
To describe shortening is useful to use a harmonic superfield language [8].
The harmonic space is in this case the 2-sphere SU(2)/U(1), as in N = 2, d = 4 and
N = 1, d = 6. A highest weight UIR of SO(2, 5) is determined by E0 and a UIR of
SO(5) ≃ Usp(4), with Dynkin labels (a1, a2)
2. We will denote such representations by
D(E0, a1, a2). The two singletons correspond to E0 = 3/2, a1 = a2 = 0 and E0 = 2,
a1 = 1, a2 = 0.
In the AdS/CFT correspondence [3, 4] (E0, a1, a2) become the conformal dimension
and the Dynkin labels of SO(1, 4) ≃ Usp(2, 2).
The highest weight UIR of the F (4) superalgebra will be denoted by D(E0, a1, a2; I)
where I is the SU(2) R-symmetry quantum number (integer or half integer).
The basic superfield is the supersingleton hypermultiplet WA(x, θ), which satisfies the
constraint
D(Aα W
B)(x, θ) = 0 (2.1)
corresponding to the irrep. D(E0 =
3
2
, 0, 0; I = 1
2
) [8].
By using harmonic superspace, (x, θI , u
I
i ), where θI = θiu
i
I , u
i
I is the coset representative
of SU(2)/U(1) and I is the charge U(1)-label, from the covariant derivative algebra
{DAα , D
jB
β } = iǫ
AB∂αβ (2.2)
we have
{DIα, D
I
β} = 0 D
I
α = D
i
αu
I
i (2.3)
Therefore from eq. (2.1) it follows the G-analytic constraint:
D1αW
1 = 0 (2.4)
which implies
W 1(x, θ) = ϕ1 + θα2 ζα + d.t. (2.5)
(d.t. means “derivative terms”).
Note that W 1 also satisfies
D2αD
2αW 1 = 0 (2.6)
because there is no such scalar component3 in W 1.
W 1 is a Grassman analytic superfield, which is also harmonic (that is D12W
1 = 0 where,
using notations of reference [14], D12 is the step-up operator of the SU(2) algebra acting
on harmonic superspace).
Since W 1 satifies D1W 1 = 0, any p-order polynomial
Ip(W
1) = (W 1)p (2.7)
2Note that the Usp(4) Young labels h1, h2 are related to a1, a2 by a1 = 2h2; a2 = h1 − h2.
3This is rather similar to the treatment of the (1,0) hypermultiplet in D = 6 [15]
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will also have the same property, so these operators form a ring under multiplication [14],
they are the 1/2 BPS states of the F (4) superalgebra and represent massive vector mul-
tiplets (p > 2), and massless bulk gauge fields for p = 2.
The above multiplets correspond to the D(E0 = 3I, 0, 0; I =
p
2
) h.w. U.I.R.’s of the F (4)
superalgebra.
The AdS squared mass for scalars is
m2s = E0(E0 − 5) (2.8)
so there are three families of scalar states with
m21 =
3
4
p(3p− 10) p ≥ 2
m22 =
1
4
(3p+ 2)(3p− 8) p ≥ 2
m23 =
1
4
(3p+ 4)(3p− 6) p ≥ 4
The only scalars states with m2 < 0 are the scalar in the massless vector multiplet (p = 2)
with m21 = −6, m
2
2 = −4 (no states with m
2 = 0 exist) and in the p = 3 multiplet with
m2 = −9
4
.
We now consider the second ”short” tower containing the graviton supermultiplet and its
recurrences.
The graviton multiplet is given by W 1W
1
. Note that such superfield is not G-analytic,
but it satisfies
D1αD
1α(W 1W
1
) = D2αD
2α(W 1W
1
) = 0 (2.9)
this multiplet is the F (4) supergravity multiplet. Its lowest component, corresponding to
the dilaton in AdS6 supergravity multiplet, is a scalar with E0 = 3 (m
2 = −6) and I = 0.
The tower is obtained as follows
Gq+2(W ) =W
1W
1
(W 1)q (2.10)
where the massive graviton, described in eq.. (2.10) has E0 = 5 +
3
2
q and I = q
2
.
Note that the Gq+2 polynomial, although not G-analytic, satisfies the constraint
D1αD
1αGq+2(W ) = 0 (2.11)
so that it corresponds to a short representation with quantized dimensions and highest
weight given by D(E0 = 3 + 3I, 0, 0; I =
q
2
).
We call these multiplets, following [15], ”intermediate short” because, although they have
some missing states, they are not BPS in the sense of supersymmetry. In fact they do not
form a ring under multiplication.
There are also long spin 2 multiplets containing 28 state where E0 is not quantized and
satisfies the bound E0 ≥ 6.
Finally let us make some comments on the role played by the flavour symmetry G.
It is clear that, since the supersingleton W 1 is in a representation of G (other than the
gauge group of the world-volume theory), the Ip and Gq+2 polynomials will appear in the
p-fold and (q+2)-fold tensor product representations of the G group. This representation
is in general reducible, however the 1/2 BPS states must have a first component totally
8
symmetric in the SU(2) indices and, therefore, only certains G representations survive.
Moreover in the (W 1)2 multiplet, corresponding to the massless G- gauge vector multiplets
in AdS6, we must pick up the adjoint representation AdjG and in W
1W
1
, corresponding
to the graviton multiplet, we must pick up the G singlet representation.
However in principle there can be representations in the higher symmetric and antisym-
metric products, and the conformal field theory should tell us which products remains,
since the flavor symmetry depends on the specific dynamical model.
The states discussed in this paper are expected to appear [6], [7] in the K-K analysis of
IIA massive supergravity on warped AdS6 ⊗ S
4.
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